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PURPOSE 


The  purpose  of  this  program  was  to  study  the  feasibility 
of  developing  a  high  power,  broadband^,  C-band  electrostatic¬ 
ally  focused  klystron  (ESFK)  suitable  for  use  in  phased  array 
systems. 


Specifically,  this  program  investigated  the  feasibility 
of  employing  higher  perveance  beams  in  ESFK's.  A  higher  beam 
perveance  results  in  better  gain  times  bandwidth  and  efficien¬ 
cy  times  bandwidth  characteristics  and  in  lower  beam  voltages 
for  a  given  beam  power  level. 

Even  though  the  ultimate  application  for  this  device  was 
in  C-band.  the  experimental  work  of  this  program  was  done  in 
S-band  to  utilize  existing  designs  and  test  equipment.  The 
experimental  results,  however,  were  evaluated  with  the  view 
of  determining  the  operating  limits  of  C-band  ESFK's. 

The  electrical  design  objectives  were  as  follows: 


Frequency 

Peal-  ri  power  output  (nom) 
Cathode  voltage 
Modulating  anode  voltage 

Beam  perveance 


Gun  perveance 


S-band 

250  ktf 

40  kV  (max) 

Variable  between 
30  and  56  kV 

Variable  between 

1.0  x  10"6  to 

2.5  x  10'6  aA3^2 

1 .5  x  10“6  A/V3^2 


The  work  under  this  contract  was  made  possible  by  the 
support  of  the  Advanced  Research  Projects  Agency  under  Order 
No.  436,  under  the  technical  guidance  of  the  United  States 
Army  Electronics  Command. 


ABSTRACT 


This  report  covers  a  15 -month  program  of  experimental 
study  to  establish  the  feasibility  of  employing  higher  per- 
veancc  beams  in  ESFK's,  which  together  with  other  broadband 
techniques  (filter,  extended  interaction  cavity)  would  lead 
to  ten  percent  bandwidth.  In  order  to  keep  the  tube  design 
as  simple  as  possible,  this  program  was  undertaken  only  to 
study  the  feasibility  of  employing  higher  beam  perveances 
in  ESFK's. 

In  addition  to  the  experimental  study,  .urther  theoret¬ 
ical  studies  were  made  on  a  triple  gap  extended  interaction 
cavity  leading  to  a  1  MW  peak  power  C-band  klystron  with  ten 
percent  bandwidth.  Studies  of  beam  power  and  perveance  lim¬ 
its  for  ESFK's  were  made.  An  improved  method  was  developed 
for  calculating  small-signal  gain  of  ESFK*s  which  accounts 
for  the  ef^ct  of  the  electrostatic  field  of  the  lens  on  the 
electron  bunching  process. 

During  this  program,  one  beam  tester  and  one  electro¬ 
statically  focused  klystron  were  built.  By  utilizing  very 
low  perveances  (.8  x  10"6  A/V3,/2)  efficiencies  of  up  to  43 
percent  were  achieved.  By  increasing  the  perveance  to 
1.5  x  10  AA^2  the  efficiency  dropped  to  36  percent. 

Beam  perveances  higher  than  approximately  1.75  x  10~6  A/V3^2 
do  not  appear  useful  in  ESFK's. 
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A 


a 

B 

b 

^ave 

d 
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gn,n-l 
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1 

A 
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K,k 


Jjft 


M 

N 

Q 


Arbitrary  constant 
Drift  tube  radius 
Arbitrary  constant 
Beam  radius 
Average  beam  radius 
Gap  length 
Frequency 
Beam  conductance 

Transconductance  between  cavity  n  and  n-1 

Height  of  resonator 

dc  beam  current 

dc  current  density 

ac  current  density 

Convection  current  density 

ac  current 

ac  current  at  entrance  plane 

ac  current  at  exit  plane 

Beam  perveance 

Drift  distance  (lens  period) 

Gap  coupling  coefficient 
dc  beam  power 
Resonator  quality  factor 
Resonator  shunt  resistance 
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z 

Y 

Af 

£ 

r\ 

X 

P 

po 

P1 


Beam  radius 

Lens  gap  width 

Thickness  of  lens  electrode 

Time 

ac  velocity 

do  beam  voltage 

Voltage  at  potential  minimum 

ac  velocity  at  entrance  plane 

ac  velocity  at  exit  plane 

dc  beam  power 

Resonator  wall  thickness 

Beam  Impedance 

u  3/2/cne  vT 
m 

Position  of  potential  minimum 
Distance  variable 
Propagation  constant 
Bandwidth 

Dielectric  constant  cf  free  space 
Electron  charge-to-mass  ratio 
Wave  length 

Space  charge  density 
dc  charge  density 
ac  charge  density 
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Velocity  variable 

dc  beam  velocity 

dc  velocity  at  entrance  plane 

Normalized  value  of  mirlmum  potential 

Angular  frequency 

Reduced  plasma  frequency 


1.0  FACTUAL  DATA 


1 . 1  INTRODUCTION 

This  program  was  a  continuation  of  the  study  of  high 
power  electrostatically  focused  klystrons,  where  1  MW  peak 
power  was  successfully  demonstrated.  The  primary  goal  of 
this  new  program  was  to  investigate  the  feasibility  of  em¬ 
ploying  higher  perveance  beams  in  ESFK's.  Until  then  only 
beam  perveances  of  up  to  1.0  x  10"6  aA3/2  had  been  success¬ 
fully  employed  in  ESFK's.  Since  this  new  type  of  tube  does 
not  require  any  external  magnetic  focusing  structures  and 
since  all  the  electrostatic  focusing  fields  are  entirely  en¬ 
closed  within  the  metal  envelope  of  the  tube,  it  is  feasible 
to  operate  tubes  in  close  proximity  to  each  othe. .  This  sug 
gests  that  it  may  be  practical  to  stack  a  large  number  of 
ESFK's  together  in  a  matrix  with  center-to-center  spacings 
commensurate  with  that  required  for  phased  array  radar  sys¬ 
tems  . 

The  specific  electrical  performance  objectives  for  the 
tube  (L-5114)  were  as  follows: 


Frequency 

3000  MHz  (Norn) 

Peak  rf  power  output 

Variable  between 
130  and  320  kW 

Cathode  vo ltage 

40  kV 

Gun  perveance 

1.3  x  10"6  aA3//2 

Bean  perveance 

Variable  between 

1.0  x  10'f  and., 
2.5  x  10'°  k/Vi/d 

Modulating  anode  voltage 

Variable  between 
30  and  56  kV 

Beam  current 

Variable  between 

8  and  20  Amps 

RF  pulse  length 

10  ^sec 

Duty 

.001 

Gain 

36  dB 
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This  report  will  first  discuss  the  ge r  ?  ra  1  design 
approach  to  the  objectives  of  this  program,  then  specific 
areas  such  as  the  design  of  the  focusing  system,  the  mech¬ 
anical  design  of  the  tube,  the  beam  tester,  the  test  re¬ 
sults  and  further  studies  of  important  design  considera¬ 
tion  for  ESPK's  will  be  discussed  in  detail. 

1.2  TECHNICAL  DISCUSSION 

The  broadbanding  of  klystron  amplifiers  has  received 
considerable  attention.  Because  the  basic  operating  prin¬ 
ciple  of  a  klystron  depends  on  the  use  of  resonant  struc¬ 
tures,  there  are  inherent  bandwidth  limitations  on  any 
klystron  design. 

The  bandwidth  of  a  klystron  amplifier  is  essentially 
determined  by  the  Rgh/Q  of  the  output  circuit  with  the  beam 
impedance 


The  beam  impedance  is  related  to  the  beam  perveance 
K  and  the  beam  power  N  through  the  following  relation: 

Zb  "  t  =  ^75^75 


As  one  can  see  from  this  equation,  the  beam  impedance  is  a 
strongly  varying  function  of  the  beam  perveance,  but  varies 
much  less  as  a  function  of  the  beam  power. 
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Increasing  the  beam  perveance  is  therefore  a  crucial 
design  consideration  for  breadbanding  klystrons.  A  higher 
beam  perveance  also  has  the  added  advantage  of  reducing  the 
required  beam  voltage  for  a  given  beam  power  level.  A  lower 
beam  voltage  is,  of  course,  also  attractive  for  an  ESFK  amp¬ 
lifier,  because  it  reduces  the  voltage  holdoff  gradient  in 
the  focusing  lens  housing.  A  lower  beam  voltage  is  also  de¬ 
sirable  from  other  considerations,  such  as  lower  X-ray  level, 
reduced  voltage  gradients  in  the  gun  and  gun  insulator,  and 
lower  insulation  requirements  ir  the  power  supply.  The  beam 
voltage,  V  ,  the  beam  power  and  she  beam  perveance  are  re¬ 
lated  by: 


Limitations  on  the  beam  perveance  a  3  imposed  both  by  the 
gun  design  and  the  focusing  system.  In  conventional  magnet¬ 
ically  focused  klystrons,  beam  perveance  values  of  up  to 
3  x  10  ^  A/V^/2  have  been  successfully  used  with  solid  beams. 

The  highest  beam  perveance  which  had  been  successfully 

used  up  to  that  time  with  electrostatic  focusing  was  1  x 
-6  3/2 

10  A/V°  .  This  program  was  therefore  primarily  concerned 
with  an  evaluation  of  the  fee  ;ibility  of  using  higher  beam 
perveance  values  in  ESFK  amplifiers. 

1.3  GENERAL  DESIGN  CONSIDERATIONS 

A  schematic  layout  of  the  tube  is  shown  in  Fig.  1.  The 
test  vehicle  was  a  modified  version  of  an  existing  ESFK,  the 
L-3668H.  The  main  difference  was  the  addition  of  a  modulat¬ 
ing  anode,  so  that  the  beam  perveance  could  be  changed  over 
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Modulating 


a  wide  range.  The  design  of  the  experimental  tube  was 
optimized  at  a  beam  perveance  of  1.5  x  10"^  k/V3^2.  The 
gun  perveance  was  also  1.5  x  10~6  k/V3^2 .  Therefore, 
for  a  beam  perveance  of  1.5  x  10“6  k/V3^2  the  modulating 
anode  was  operated  at  body  potential.  The  nominal  beam 
voltage  was  40  kV  and  the  beam  current  for  a  1.5  x  10"^ 
perveance  was  12  amps. 

1.4  ELECTRICAL  DESIGN 
1.4.1  Gun  Design 

A  modified  Pierce  gun,  consisting  of  a  cathode,  focus 
electrode  and  modulating  anode  was  designed  for  this  tube. 
This  electron  gun  was  designed  with  the  following  character¬ 
istics: 

Perveance  1.5  x  io“6  A/V3/2 

Modulating  anode  voltage  Variable  from  30. 5 

to  56  kV,  40  kV 
design  center 

Cathode  current  Variable  between  8 

and  20  Amps,  12  Amp 
design  center 

Beam  power  Variable  between 

320  and  800  kW 

Cathode  diameter  1.97  cm 

Cathode  area  3.19  cm2 

Cathode  half-angle  250 

Beam  diameter  at  min. 

and  40  kV  ,9  cm 

Convergence  ratio  urea  5.0 

The  electron  gun  was  designed  by  using  a  precision 
resistance  network  analogue  in  conjunction  with  a  high  speed 
digital  computer.  Since  this  gun  had  to  operate  at  different 


mcd-anode  voltages,  it  was  important  that  the  location 
and  diameter  of  the  beam  minimum  did  not  change  much  as 
a  function  of  mod-anode  voltage.  Trajectories  were  cal¬ 
culated  for  mod -anode  voltages  of  40,  50  and  56  kV,  which 
corresponds  to  beam  perveances  of  1.5  x  10“^,  2.1  x  10_fc> 
and  2.5  x  10  A/V^  ^ .  Figure  2  shows  the  electron  tra¬ 
jectories  for  a  gun,  with  the  mod -anode  operating  at  40  kV. 
The  beam  diameter  at  the  minimum  position  is  .355".  By 
increasing  the  mod-anode  voltage  to  50  kV,  and  to  56  kV, 
the  beam  diameter  changed  slightly  to  .368"  and  .384", 
respective ly . 

1.4.2  Focusing  Structure 

Four  negative  Einzel  lens  systems  were  used  in  this 
tube,  with  the  first  lens  system  located  adjacent  to  and 
upstream  from  the  input  cavity.  The  other  three  lens  sys¬ 
tems  were  located  between  cavities. 

The  primary  problem  was  to  develop  a  lens  system  which 
focused  beams  of  variable  perveances  (from  1.0  to  2.5  x 
10  A/V°  )  over  a  fixed  lens  period  with  a  minimum  of 
spherical  aberration.  The  design  of  the  focusing  system 
was  carried  out  by  means  of  a  resistance  network  analogue 
in  combination  with  a  high  speed  digital  computer.  In 
Fig.  3  the  trajectories  for  perveances  between  1.5  x  10~^ 
and  2,5  x  10  ^  A/V^^  are  shown.  This  Figure  indicates 
the  system  might  not  be  stable  at  a  perveance  of  2.5  x 
10  A/V  ,  because  the  electrons  do  not  come  back  to 
their  original  diameter. 

At  the  design  center  fo^  a  beam  perveance  of  1.5  x 
6  3  /2  ^ 

10  A/V"5  ,  the  significant  design  parameters  for  tnese 

lenses  were: 
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Electrod 


c, 


s 

rode 


n  .368  Dia.  .368  Dia.-i 


k  =  2.5  x  10"6AA3,/2 


ELECTRON  TRAJECTORIES  FOR  A  1.5,  2.1,  and 
2.5  x  10"6A/v3/2  PERMEANCE  LENS  SYSTEM 
Fig.  3 


Focusing  period,  p 

Minimum  beam  1  lame ter.  2b  . 

’  min 

Maximum  beam  diameter.  2b 

*  max 

I.D.  of  interaction  gap,  2a 
I.D.  of  lens  electrode 

Ratio  —■ — 

Vn 

Propagation  constant  y 

Gap  length,  d 

Normalized  drift  tube 
radius,  ya 

Normalized  gap  length,  yd 


3.25  cm 
.9  cm 
1.15  cm 
1.395  cm 
1.92  cm 

1.55 

1.59  x  10~2 
.7  cm 

1.11 

1.11 


1.5  TUBE  CONSTRUCTION  AND  PROCESSING 

The  tube  was  constructed  from  the  following  malor 
subassemblies: 


a. 

Main  body  (Fig.  4) 

b. 

Gun  with  gun  ceramic  (Fig.  .5) 

c. 

Collector  with  collector  ceramic 

(Fig. 

6) 

d. 

RF  output  window  (Fig.  7) 

e . 

Exhaust  tubulation  with  1  -t/sec 

vac ion 

pump. 

The  main  body  of  the  tube  consists  of  the  modulating 
anode,  three  buncher  cavity  assemblies  with  capacitive  tuner 
and  lens  system,  and  the  output  cavity  with  an  inductive 
tuner.  To  reduce  instabilities,  the  first  two  buncher  cav¬ 
ities  were  partially  iron-plated.  The  measured  Qq  of  these 
cavities  was  1600  compared  with  the  all-copper  penultimate 
cavity  Qq  of  3200.  The  unloaded  Q  of  the  output  cavity  was 
4000,  the  loaded  Q  was  45j  therefore  the  circuit  efficiency 
was  98.9$. 
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COLLECT.  OR  Wll.  COLLECTOR  CERAMIC 
L-5114 


The  rf  output  window  and  collector,  with  slight  mod¬ 
ification  for  the  new  beam  profile,  were  taken  over  from 
the  L-3975*  a  1  MW  peak  power  tube. 

The  ceramic  chosen  for  the  gun  envelope  provided  a 
minimum  3-inch  air  gap  between  the  high  voltage  header 
flange  and  ground.  The  cathode  emission  coating  was  a 
stan. ard  barium-strontium  carbonate  mixture,  cataphoret- 
ically  deposited  onto  an  electronic  grade  220  nickel  base. 

The  gun,  collector,  rf  output  window  and  exhaust  tubulation 
were  attached  to  the  tube  by  means  of  weld  flanges. 

The  tube  was  exhausted  with  standard  Litton  exhaust 
procedures  which  included  bakeout  at  625°C. 

1.6  EXPERIMENTAL  RESULTS 

Figure  8  shows  the  tube  (L-5114)  ready  for  test.  Dur¬ 
ing  testing  each  lens  was  tied  to  a  separate  dc  power  supply, 
which  allowed  greater  flexibility  in  optimizing  the  beam  fo¬ 
cusing.  An  E-H  tuner  was  used  between  the  tube  output  cir¬ 
cuit  and  load  in  order  to  match  the  output  coupling  over  the 
entire  operating  levels. 

First  of  all,  dc  transmission  tests  were  made  at  differ¬ 
ent  voltages  and  perveances.  As  can  be  seen  in  Fig.  9.«  the 
dc  beam  transmission  dropped  badly  between  voltages  of  about 
30  and  35  kV  and  at  perveances  higher  than  1.3  x  10  ^  A/V^2. 
This  indicated  that  something  in  the  focusing  system  did  not 
work  as  anticipated.  The  space  charge  limited  perveance  was 
measured  to  be  1.73  x  10”  A/V:5/  ,  which  was  considerably 

higher  than  the  design  perveance  of  1.5  x  10  A/V:5/  .  All 

important  dimensions,  which  could  have  influenced  the  per¬ 
veance  value,  were  checked  and  it  was  fourd  that  the  cathode 
head  was  .020"  too  close  to  the  modulating  anode.  To  be  sure 


that  this  was  the  only  error,  a  check  run  with  the  gun 
dimension  actually  used  in  the  tube  was  made  on  the  re¬ 
sistor  network  analogue  and  digital  computer.  The  result 
was  a  perveance  of  1.74  x  10  ^  A/V^2,  which  was  very 
close  to  the  measured  value  of  1.73  x  10~^  A/V^2.  The 
beam  diameter  at  the  minimum  position  was  now  .400",  which 
was  .040"  greater  at  that  particular  perveance  than  the 
diameter  used  for  designing  the  focusing  lens  system.  It 
was  concluded  that  this  may  have  been  the  reason  for  the 
poor  dc  beam  transmission.  Nevertheless,  befor_  making 
further  decisions*  it  was  found  worthwhile  to  make  rf  tests 
with  the  tube. 

RF  output  power  as  a  function  of  rf  drive  power  is 
shown  in  Fig.  10.  The  beam  voltage  was  25  kV  and  every¬ 
thing,  including  lens  voltages,  cavity  tuners  and  E-H  tuner 
was  optimized  for  each  drive  level.  For  the  second  curve, 
the  tuning  was  held  fixed  and  it  shows  a  typical  klystron 
drive  characteristic.  The  tube  was  operated  et  25  kV. 

In  the  next  curves.  Figs.  11  and  12,  rf  output  power 
versus  cathode  voltage  is  shown.  The  perveance  was  1.2  x 
10”6  and  1.73  x  10-^  A/V^2,  respectively.  At  higher  volt¬ 
ages,  it  ,:as  impossible  to  get  useful  results  at  higher  per 
veances. 

In  Figs.  13  and  14,  the  efficiency  and  rf  output  power 
versus  perveance  for  cathode  voltages  of  25  and  42  kV  are 
shown.  These  data  clearly  demonstrate  that  the  efficiency 
is  dropping  off  as  the  perveance  is  increased.  Figure  15 
shows  efficiency  versus  cathode  voltage  for  different  per¬ 
veance  values.  The  degradation  of  efficiency  with  increas¬ 
ing  beam  perveance  can  be  largely  attributed  to  the  poor 
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beam  transmission  (see  Fig.  9)*  plus  the  normal  reduction 
in  efficier  y  resulting  from  higher  perveance. 

The  variation  in  efficiency  with  beam  voltage  mav  be 

(l ) 

explained  by  reference  to  Mihran's'  '  paper.  It  appears 
that  high  voltage,  high  perveance  ESFK  designs  which  re¬ 
sult  in  short  drift  distances,  because  of  lens  design  re¬ 
quirements,  will  probably  not  provide  as  high  efficiency 
as  at  first  expected. 

1.7  BEAM  TESTER 

As  mentioned  in  the  previous  section,  the  gun  used  in 
the  tube  did  not  have  the  correct  design  dimensions.  At 
this  point,  it  was  decided  to  build  a  beam  tester  to  com¬ 
pare  the  results  with  those  obtained  from  the  computer  and 
tube  tests. 

A  cross-sectional  view  and  a  photograph  of  the  beam 
tester  can  he  seen  in  Figs.  16  and  17 .  The  beam  tester 
essentially  consisted  of  a  gun,  with  the  dimensions  used 
in  the  tube,  and  a  modulating  anode  operated  at  ground 
potential.  A  carbon  target,  made  from  cigarette  paper, 
was  located  behind  the  anode  and  was  movable  around  the 
expected  beam  minimum  position.  In  the  beam  tester,  this 
fragile  target  was  held  together  by  two  moly  grids.  Car¬ 
bonizing  the  cigarette  paper  was  quite  a  problem,  because 
the  paper  shrinkage  was  about  30  percent.  The  carbonizing 
■'as  done  in  a  vacuum  fuma  e  at  about  600°C,  and  the  paper 
was  held  between  two  graphite  blocks  to  keep  it  from  wrink¬ 
ling. 

Before  welding  the  glass  window  assembly  to  the  beam 
tester  body,  the  target  was  calibrated  with  a  telescope  to 
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eliminate  any  optical  errors.  Because  a  lot  of  outgassing 
was  expected  due  to  beam  bombardment  of  the  target,  a  5  't/sec 
appendage  vacion  pump  was  welded  to  the  beam  tester. 

The  beam  taster  was  exhausted  and  processed  like  a  reg¬ 
ular  tube,  but  the  bakeout  temperature  was  kept  around  400°C. 

The  gun  was  pulse  tested  up  to  20  kV,  but  the  average 
beam  power  was  only  5  to  10  watts.  At  these  power  levels  the 
target  was  nicely  illuminated  and  it  was  possible  to  measure 
the  beam  diameters  within  .005". 

Because  the  X-ray  radiation  level  started  to  be  danger¬ 
ous  at  voltages  over  20  kV,  it  was  decided  not  to  go  higher 
in  voltage.  Another  reason  that  made  it  unnecessary  to  go 
higher  was  the  very  close  agreement  of  the  results  obtained 
between  voltages  of  12  and  20  kV. 

Surprisingly,  as  one  can  see  from  the  following  table, 
the  results  obtained  were  very  close  to  those  expected  from 
the  computer. 


Network  and 
Computer 

Beam 

Tester 

Tube 

Perveance  x 

io~6  a/v3//2 

1 .74 

1 .70 

1.73 

Beam  diameter 
at  minimum 

.400" 

,40A' 

- 

Beam  minimum 
position 

0 

+  .100 

It  appears  that  the  beam  minimum  position  in  the  beam 
tester  may  have  shifted  away  from  the  computer  predicted 
position;  however  the  beam  profile  (see  Fig.  2)  was  very 
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flat  in  that  region  and  it  was  difficult  to  measure.  Since 
very  good  agreement  between  computed  and  measured  data  for 
this  incorrect  gun  was  established,  it  was  decided  to  re¬ 
build  the  tube  with  the  correct  gun  and  hopefully  get  better 
tube  performance. 

1.8  EXPERIMENTAL  RESULTS  OF  REBUILT  TUBE 

As  mentioned  above,  the  tube  was  rebuilt  but,  again,  the 
obtained  results  did  not  show  any  improvement.  This  time  the 
space  charge  limited  perveance  was  1.39  x  10~^  A/V^2,  which 
indicated  that  the  cathode  may  have  been  partly  inactive. 

DC  transmission  test  results,  as  well  as  rf  test  results, 
were  very  much  comparable  to  the  ones  obtained  before  re¬ 
building.  In  conclusion,  the  tube  performance  was  not  im¬ 
proved  at  all  by  placing  the  gun  in  the  proper  position. 

1.9  GENERAL  THEORETICAL  STUDIES  ON  ESFK 

1.9.1  Evaluation  of  a  Triple-Gap  Extended  Interaction 
Output  Cavity  in  C-Band 

The  eventual  goal  of  vhis  program  was  to  study  the  feas¬ 
ibility  of  a  high  power,  broadband,  C-band  ESFK.  Therefore, 
some  theoretical  work  has  been  done  on  Reusing  a  2.5  MW  beam 
through  a  C-band  triple-gap  extended  interaction  output  cavity. 
In  this  study  we  used  the  Litton  Resistance  Network  Analogue 
in  combination  with  a  high  speed  digital  computer.  The  follow¬ 
ing  design  objectives  were  assumed: 
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Frequency 
RF  output  power 


5500  MHz 
1  MW 


^beam 

Efficiency 

Perveance 


2.5  MV/ 

40$ 

2  x  10~6  AA3/"2 


Drift  angle  yt  .Jtt 

Transit  angle  yd  .7 

With  these  assumed  values,  the  following  data  could 
be  calculated: 


Vbeam 

^beam 

Yre  lativistic. 
l 

d 


69  kV 
36.2  Amps 
2.42  cm"1 
.91  cm 
.29  cm 


As  can  be  seen,  the  length  of  this  triple-gap  sectic 
is  rather  long  for  focusing  a  high  perveance  beam  through. 
Since  it  was  undesirable  to  use  focusing  lenses  within  the 
triple-gap  output  cavity,  it  became  necessary  to  taper  the 
drift  tube  corresponding  to  the  beam  spread  curve.  Also, 
a  focusing  lens  was  then  placed  between  cavity  and  collector 
as  can  be  seen  in  Fig.  18. 


Several  runs  were  made  and  are  described  in  the  follow¬ 
ing  section. 


Figure  19  shows  the  beam  trajectories  under  dc  condi¬ 
tions  and  compares  the  cases  where  the  lens  was  at  body 
potential  (ground)  and  at  +10  kV  above  ground.  It  is  ob¬ 
vious  that  the  lens  does  not  have  much  focusing  effect. 


a  -  Lens  at  Body  Potential  (Ground) 
b  -  Lens  at  +10  kV 


ELECTION  TRAJECTORIES  UNDER  DC  CONDITION 
FOR  TRIPLE  GAP  OUTPUT  CAVITY 


The  next  figure.  No.  20,  shows  the  same  cavity  configura¬ 
tion,  but  the  beam  trajectories  are  under  rf  conditions. 

For  these  cases,  a  beam  perveance  twice  as  high  as  that 
under  dc  conditions  was  assumed.  Here  three  different 
cases  are  shown.  First  the  lens  is  at  body  (ground)  po¬ 
tential,  second  the  lens  is  at  +10  kV,  and  third  the  lens 
is  at  -20  kV  with  regard  to  body  voltage.  Again,  the  lens 
does  not  have  much  effect  and  could  be  eliminated.  If  the 
collector  nozzle  were  redesigned  by  opening  up  its  diameter 
and  by  bringing  it  closer  to  the  cavity,  it  appears  possible 
to  collect  the  beam  completely  in  the  collector. 

1.9.2  Beam  Power  and  Perveance  Limits  for  ESFK's 

Many  times  the  question  arises  as  to  what  maximum  peak 
beam  power  one  can  expect  from  an  ESFK.  Certainly  this  is 
dependent  upon  the  frequency  and  the  perveance.  It  was 
found  worthwhile  to  study  these  questions  in  order  to  get 
a  rough  idea  what  the  limits  are.  These  studies  are  de¬ 
scribed  in  Appendix  I. 

1.9.3  Calculation  of  ESFK  Small-Signal  Gain 

Electrostatically  focused  klystrons  consistently  ex¬ 
hibit  small-signal  gains  which  are  significantly  in  excess 
of  calculated  values.  Conventional  kinematic  and  space- 
charge  wave  theories  of  klystron  bunching  are  based  on  the 
assumption  of  a  constant  average  velocity  of  the  electrons. 
In  the  ESFK  this  assumption  is  certainly  violated.  The 
introduction  of  an  electrostatic  lens  into  the  drift  space 
between  cavities  alters  the  rf  bunching  process  since  the 
drift  space  is  no  longer  field-free. 


32 


a  -  Lens  at  Body  Potential  (Ground) 
b  -  Lens  at  +10  kV 
c  -  Lens  at  -20  kV 


ELECTRON  TRAJECTORIES  UNDER  RF  CONDITIONS 
FOR  TRIPLE  GAP  OUTPUT  CAVITY 


In  order  to  adequately  predict  the  small-signal  gain 
of  an  ESFK  a  space-charge  wave  analysis,  which  accounts  for 
the  potential  minimum  produced  by  the  focusing  lens  in  the 
drift  space,  has  been  made.  Details  of  tht.-  analysis  are 
presented  in  Appendix  II. 

Simple  space-charge  wave  theory  for  a  field-free  drift 
tube  yields  the  following  relationship  for  the  current  at 

A 

the  exit  plane,  i2*. 


A 


A 


sin 


iail 

hi 


where: 


co  =  rf  frequency 


0Dq  =  reduced  plasma  frequency 
pQ  =  dc  charge  density 

A 

V 


^  electron  velocity  at  the  entrance  plane 


l  =  drift  distance 


P0  =  dc  beam  velocity 


This  expression  may  be  written  in  terms  of  parameters 
defined  in  Appendix  II  as: 


A 


=  -J 


The  dc  beam  velocity  fiQ  has  been  substituted  for  the  dc 
velocity  at  the  entrance  plane  of  the  lens,  since  they 
are  identical. 


3^ 


A 

The  maximum  value  of  iP  is  obtained  at  the  optimum  value 
of  drift  distance  which  causes  the  sin  term  to  be  unity. 
Therefore: 


This  optimum  value  of  rf  current  at  the  exit  plane 
is  now  compared  to  that  of  a  drift  tube  of  the  same  length 
containing  an  electrostatic  lens.  Using  equation  (l8)  of 
Appendix  II  and  assuming  zero  ac  current  modulation  due  to 

A  A  A 

the  input  rf  gap  [1^  =0,  Vj  =  V^) ,  the  following  relation 
is  obtained: 


Electron  velocity  is  directly  proportional  to  the 
applied  potential,  thus: 
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where  0^  is  the  normalized  value  of  the  minimum  potential 
in  the  lens  and  is  given  by  the  solution  of  Poisson';  equa¬ 
tion  for  a  cylindrical  beam  between  lens  entrance  and  exit 
planes, ^  as: 


.0341  k 


=  1+30 


1/2 


ave 


m 


3/2 


where:  k  ■=  beam  microperveance 

L  =  lens  period 
b  _  =  average  beam  radius 

aVG 

Since  the  lens  field  cannut  penetrate  the  drift  tube 
much  over  one  tunnel  diameter,  the  maximum  value  of  L  used 
in  calculating  0m  must  be  restricted.  The  following  con¬ 
straints  have  been  placed  on  L  as  a  result  of  studies  made 
on  several  electrostatically  focused  klystrons: 


L=L  for  L  <  5.8  a 

L  =  5.3  a  for  L  >  5.8  a 

where  a  is  the  drift  tube  radius. 

The  small  signal  iransconductance  expression  for  an 
FSFK  may  be  written  as: 


Y*2  Go 


1/2 


m 


:n,n-x 


V® 


1/2 


uin  — i— 
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Figure  21  may  be  used  to  solve  for  <t>m  for  a  particular 
beam  microperveance  and  lens  geometry.  Figure  22  relates 
\[2  |l  -  l/2  to  for  convenience  in  solving  the 

transconductance  equation. 

In  summary,  the  small-signal  gain  of  an  ESFK  will  be 
different  from  that  of  a  conventional  klystron  because  the 
urift  tube  is  not  dc  flend-free  and  the  rf  bunching  process 
is  altered.  Higher  microperveance  beams  ler d  to  lower  values 
of  which  result  in  higher  values  of  gain  per  stage.  The 
improved  accuracy  in  small-signal  gain  calculations  when  the 
lens  correction  is  made  may  be  seen  in  the  following  table. 

SUMMARY  OF  SMALL-SIGNAL  GAIN  CALCULATIONS 


Tube  Type 

Calculated 
No  Lens  Correction 
(dB) 

Values 

With  Lens  Cor. 
(dB) 

Measured 

(dB) 

L-5114 

45.4 

57.6 

59.0 

L-5044 

36.8 

48.8 

47.2 

L-5101 

49.6 

56.5 

58.8 

L-397' 

49.9 

65.9 

59.6 
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2.0  CONCLUSIONS  AND  RECOMMENDATIONS 


This  program  has  demonstrated  that  high  perveance 
electron  beams  can  be  focused  by  electrostatic  lenses. 

These  beams  can  be  successfully  utilized  in  high-power 
electrostatically  focused  klystrons.  High  perveance  elec¬ 
tron  beams  present  some  difficulties  because  they  are  not 
stiffly  focused  under  large-signal  rf  debunching.  This 
study  program  has  resulted  in  valuable  new  knowledge  con¬ 
cerning  the  advantages  and  limitations  of  high  perveance 
ESFK's. 

The  experimental  tube  constructed  during  this  program 
performed  quite  well  at  voltages  lower  than  the  40  kV  de¬ 
sign  voltage.  For  instance,  at  a  cathode  voltage  of  25  kV, 
for  which  ya  is  1.41.  the  tube  performed  as  expected.  At  a 
perveance  of  1.5  x  10~  A/V3'  the  efficiency  was  36  percent 

and  at  a  perveance  of  1.72  x  10“^  AA^2,  the  efficiency  was 
still  31  percent.  For  klystron  applications  where  broad 
bandwidth  is  badly  needed,  a  high  perveance  ESFK  could  pro¬ 
vide  the  solution,  possibly  with  some  reduced  efficiency. 

It  should  be  possible  to  improve  the  high  perveance  ESFK 
performance  further  by  applying  all  of  the  new  knowledge 
gained  during  this  program  and  on  other  recent  ESFK  programs. 
On  several  new  tubes  we  were  able  to  improve  the  beam  trans¬ 
mission  under  full  rf  drive  by  30  percent  and  more.  This  was 
possible  by  redesigning  the  focusing  lens  system  to  compen¬ 
sate  for  beam  spread  due  to  rf  debunch-' ng.  These  techniques 
were  unfortunately  not  known  when  this  program  was  started. 

As  the  next  step  it  is  therefore  recommended  to  build 
another  tube  in  S-  or  C-band  which  incorporates  these  improve¬ 
ments.  We  believe  that  a  tube  with  a  perveance  of  1.75  x 
10“6  A/V^2  could  be  successfully  built.  Since  an  earlier 
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program  definitely  demonstrated  the  feasibility  of  multiple 
gap  and  multiple  resonant  output  filters  in  broadband  output 
circuit  designs,  it  is  felt  that  a  combination  of  these  cir¬ 
cuits  with  a  1 .75  x  10-^  A/V^2  perveance  beam  would  lead  to 
an  ESFK  with  up  to  8  percent  bandwidth  at  moderate  efficiency. 
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APPENDIX  I 


BEAM  POWER  AND  PERVEANCE  LIMITS  FOR  ELECTROSTATICALLY 

FOCUSED  KLYSTRONS 

A  fundamental  requirement  for  periodic  electron  team 
focusing  systems  is  that  there  exists  a  maximum  permissible 
axial  spacing  between  lenses* which  cannot  be  exceeded  with¬ 
out  resulting  in  beam  blow-up.  An  excellent  insight  into 
this  requirement  has  been  given  by  Pierce. 5  He  considers  a 
sequence  of  thin  electron  lenses*  separated  by  an  axial 
spacing  L*  through  which  an  electron  beam  flows.  (Pierce's 
Fig.  11.6).  In  the  plane  of  the  lens  the  electron  beam  has 
a  radius  r0  and,  in  that  plane*  each  electron  receives  a 
radial  impulse  toward  the  axis  of  symmetry  due  to  the  action 
of  the  lens  field.  Between  lenses*  the  only  dc  forces  act¬ 
ing  on  the  beam  are  those  due  to  its  own  space -charge*  which 
causes  it  to  spread. 

Pierce's  Fig.  9.2  shows  the  beam  spread  action  as  pre¬ 
dicted  by  the  "universal  beam  spread"  equation.  This  figure 
illustrates  the  fact  that  there  exists  a  maximum  axial  dis¬ 
tance  beyond  which  the  beam  cannot  travel  without  exceeding 
its  original  radius.  If  the  radius  is  not  to  be  allowed  to 
grow  larger,  then  another  lens  must  be  placed  at  this  maximum 
distance.  Pierce's  Fig.  11.8  shows  the  initial  negative  slope 
required  to  cause  an  electron  beam  to  return  to  its  original 
radius  as  a  function  of  distance  between  lenses.  The  maximum 
distance  expressed  in  normalized  units  is  2.16.  This  may  be 
stated  as: 


(.til2*  v  k)  L  <  2A6 
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where:  k  ■  beam  microperveance 
rQ  m  beam  radius  au  lens 
L  ■  spacing  between  lenses 

This  expression  is  valid  provided  the  lenses  are  thin 
and  have  no  spherical  aberrations.  This  is  not  true  in 
practice.  In  addition,  when  a  density-modulated  electron 
beam  must  be  focused  by  such  a  lens  system,  the  effective 
microperveance  may  be  up  to  twice  the  value  for  a  dc  beam. 
The  expression  r  the  maximum  lens  spacing  for  an  electro¬ 
statically  foci  klystron  will  be  assumed  to  be: 


( 


.IZiLAJC)  L 


1.5 


It  is  now  instructive  to  express  the  maximum  lens  spac¬ 
ing  in  terms  of  klystron  design  parameters.  The  beam  radius 
rQ  at  the  lens  plane  can  be  expressed  in  terms  of  the  nor¬ 
malized  klystron  gap  radius  7a  and  the  electron  wave  number. 
(Relativistic  effects  are  ignored). 

-o  -  (w)  <$> 


where:  a  ■  gap  radius 


o> 


(^)  (5% 


V 


VQ  =»  dc  beam  voltage 
\  «■  free-space  wavelength 

The  dc  beam  voltage  is  related  to  the  dc  beam  power,  Wc 
and  the  beam  microperveance  k  as  follows: 
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For  a  typical  klystron  design, the  product  of  ^  and  Ya 
would  be  very  close  to  unity.  Therefore,  by  assuming 

(a  )  (Ya)  a..O,  the  maximum  lens  spacing  relation  becomes: 

Wc  V5 

*  =  (an)  ^10 
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Figure  1  is  a  plot  of  the  maximum  permissible  axial 
lens  spacing  normalized  by  the  free -space  wavelength,  vs 
peak  beam  power,  with  microperveance  as  a  parameter.  It 
may  be.  observed  that  the  choice  of  electron  beam  micro¬ 
perveance  has  a  pronounced  effect  on  the  maximum  permissible^ 
lens  spacing. 

Having  determined  the  maximum  lens  spacing  as  a  function 
of  beam  power,  microperveance,  and  wavelength,  it  is  now  possi¬ 
ble  to  determine  the  ultimate  limits  of  ESFK  design.  Figure  2 
depicts  the  cavity-lens  configuration  of  an  ESFK,  The  spacing 
between  lenses  must  allow  for  a  lens  electrode  of  thickness  T, 
two  high  voltage  gaps  of  width  S,  two  cavity  walls  of  thickness 
v/,  and  a  cavity  resonator  of  height  H.  The  lens  spacing  may 
be  expressed  as: 

L=2(S+w)+T+H 

The  lens-gap  spacing  depends  upon  the  operating  voltage, 
which  will  be  assumed  equal  to  the  beam  voltage,  and  the  allow¬ 
able  voltage  gradient.  For  a  maximum  voltage  gradient  of 
118  kV/cm(300  v./mil.): 


A  typical  cavity  gap  transit  angle,  Yd,  would  be  1,1 
radians.  For  reasonable  values  of  R/Q, the  cavity  height 
should  not  be  less  than  2  Yd.  Therefore,  the  assumption  of 
H  =  2  yd  is  made,  or: 


The  lens  electrode  thickness  may  be  approximated  by 
assuming  that  its  radius  of  curvature  should  be  no  less  than 
S/2  in  order  to  prevent  excessive  local  electric  field  gradi¬ 
ents,  Therefore ,  it  is  assumed  that  T  =  S. 

The  minimum  cavity  wall  thickness,  w,  is  not  easy  to 
specify  because  it  depends  on  the  cavity  diameter  and  the 
average  power  of  the  klystron.  The  following  values  will 
be  used  in  the  analysis  which  follows: 


w  = 

.03 

A 

at 

10 

cm 

w  = 

.04 

X 

at 

5 

cm 

w  = 

.06 

X 

at 

3 

cm. 

The  minimum  lens  spacing  may  now  be  exp.'eosed  as: 
L=3S  +  2Yd  +  2w 


or 


W 


°kw,2/5 


W, 


L  =*  -1  '  +  .0436  /.  (- -j +  2  NX  > 


03 

at 

7\  a 

10 

cm 

04 

at 

x  = 

5 

cm 

06 

at 

x  = 

3 

cm 

Normalizing  with  respect  to  free-space  wavelength: 

1  V  2/5  V,  vs 

L/4  =  if  )  +  .0436  (-OSSI)  +  2N 
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This  expression  was  solved  for  various  values  of  peak 
beam  power  and  microperveanee  at  wavelengths  of  10  cm,  5  cm, 
and  3  2m,  The  values  of  normalized  maximum  lens  spacing  are 
plotted  along  with  the  values  of  minimum  lens  spacing  in 
Pigs,  3  through  6.  Where  the  two  cvrves  intersect  determines 
the  maximum  beam  power  limit  for  an  ESPK  for  a  given  micro- 
perveance  and  wavelength.  Similarly,  the  maximum  beam  micro- 
perveance  for  an  ESPK  may  be  determined  for  a  given  peak  beam 
power  and  wavelength. 

An  expression  for  the  maximum  microperveanee  and/or 
maximum  peak  beam  power  for  an  ESPK  at  a  given  wavelength 
may  be  obtained  by  equating  the  expressions  for  maximum  and 
minimum  lens  spacings. 

wo  V5  w0  2/5  w0  1/5 

.171  -pp -  -  (“jj22)  +  .0436  (— pp)  +  2N 

k 

Examination  of  Pig,  3  indicates  the  maximum  beam  micro- 
perveance  for  high  power  klystrons  in  S-band  to  be  equal  to, 
or  greater  than,  2,5.  Figure  4  indicates  that  megawatt  kly¬ 
strons  are  feasible  in  C-band  with  microperveanee  1.0  beams. 
Increasing  the  microperveanee  to  1.5  in  C-band  reduces  the 
feasible  klystron  power  level,  as  seen  in  Fig.  5.  At  X-band, 
it  is  no  longer  possible  to  construct  a  high  power  ESPK  with 
a  desirable  beam  microperveanee.  Figure  6  indicates  a  maxi¬ 
mum  beam  power  limit  of  650  kW  for  a  0.7  microperveanee  beam 
at  3  cm. 

The  limitation  of  beam  perveance  with  frequency  implies 
a  limitation  on  the  klystron  bandwidth  since  it  can  be  shown 
that  bandwidth  is  directly  proportional  to  k^^. 

This  analysis  of  beam  power  and  perveance  limits  for 
the  ESPK  is,  of  necessity,  based  on  many  assumptions  whose 
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validity  is  open  to  question.  The  assumption  of  (rQ/a)(Ya)  = 
1.0  is  very  conservative;  whereas.,  the  assumption  of  T  =  S  is 
not  conservative.  Practical  considerations  such  as  voltage 
breakdown,  body  cooling,  and  cavity  conductance  requirements 
will  doubtless  alter  the  limits  defined  herein.  However,  it 
is  hoped  that  this  analysis  will  provide  a  useful  ’'ballpark" 
estimate  of  the  ultimate  limits  of  the  ESPK. 
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APPENDIX  II 

SPACE -CHARGE  WAVE  ANALYSIS  OP  THE  ESFK  LENS  CELL 


The  following  expressions  are  defined: 

>£[zj,t]  -  -^[z]  f'*'!  [z]  convection  current  density 

p[zjtJ  =  -poP  +P,fzje^C0^  space-charge  density 

v[z,t]  =  p.Q  [z]  +v^j^zje^co^  electron  velocity 

By  making  the  transformation  of  variables: 

v[z]e'^H 

it  can  be  shown  that  the  follov  g  differential  equations 
apply  for  -t(z)  and  v(z). 


where:  ii  =  - — 

m 


(1) 

(2) 
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Using  the  Llewellyn  equations  of  motion. 


where: 


I  =  a.  +  e 


dE 

3t 


the  dc  component  can  be  separated  out  to  obtain  a  differential 
equation  relating  dc  velocity  to  the  dc  beam  current  density, 
thereby  taking  complete  account  of  the  dc  space  charge  effects. 


_  JL  ; 
dt2  6  0 


(3) 


This  expression  can  be  integrated  twice  with  respect  to 
time  to  obtain  an  expression  for  |i  as  3  function  of  the  transit 
time  of  an  electron.  Ti.e  instant  at  which  the  electron  crosses 
the  plane  of  the  potential  minimum  in  the  lens  (e.g.  its  center) 
will  be  t  =  0,  Thus,  by  definition,  at  t  *  0  the  acceleration 
is  zero. 


du  _  ^o 
dt  e 


(4) 


tko  t* 

^  e  2  nn 


(5) 


z 


TKo  t3 

— “ - 7T  +  U-t  +  Zm 

e  b  nil  m 


(6) 


where  and  zm  are  the  velocity  and  position,  respectively, 
of  the  potential  minimum. 
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(7) 

Following  Kosmahl'  ,  and  transforming  the  independent 
variables  in  equations  (l)  and  (2)  from  z  to  p,  will  require 
an  expression  for  dp/az.  This  is  obtained  from  (4)  and  (5). 


chi  _  du/dt  _  du/dt  _  t  _  Kt 
dz  dz/dt  “  p  e  p  ~  n-L 


(7) 


Solving  (5)  for  t,  and  substituting  into  (7)  eliminates  t. 


aa  -  ^q) 

dz  p 


(8) 


where:  K  = 


(9) 


The  +  sign  in  (8)  applies  to  the  right  of  the  potential 
minimum,  and  che  -  sign  applies  to  the  left. 

Equations  (l)  and  (2)  are  now  transformed  to: 


2  * 
d  jl 


A 

^  rt  +  (5/2M-  -  + t  - 0 

dp 


A 

JL 


(10) 


A 

v 


.  ,  i±t_  ~\j  2K(p  -  ijjnl  d/ 

-  J  a V  ^2  dp 


(11) 


These  equations  have  solutions  of  the  form: 

A  1  1/2  . 

■i  =  Ap  1  (p  -  pm)  +  Bp 


(12) 


A 

v 


±  J 


v~2K 

a*oP 


Pm  1/2 

A(P  -  “?)  -  B(p  -  Pm) 


(13) 


The  arbitrary  constants  A  and  B  must  be  chosen  to  match 

the  boundary  conditions.  Let  the  ac  current  and  ac  velocity 

A  A 

at  the  entrance  plane  of  the  lens  cell  be  1^  and  v^,  respec¬ 
tively.  At  the  same  plane,  the  dc  velocity  is  Substitut¬ 

ing  these  conditions  into  (12)  and  (13)  and  taking  cognizance 
of  the  fact  that  the  entrance  plane  of  the  lens  cell  is  to  the 
left  of  the  potential  minimum,  the  following  results  are 
obtained. 


To  the  left  of  the  potential  minimum: 


a  a  u  f  1^2  ji, 

v  =  Vj  (jf,  (2  -  £-)  +  2(^  -  0  (jj*  - 

^1  nn  Hu 


„  r  1/2  „  M  1/2  1 

3V2V1  -  o  <2  -  ■/)  -  (;n  -  1)  (2-^-)  04) 

u  1  m  nn  Hn  nm 


a  V2V.  u  u  f  H.  1/2 

1  -  a  -V1  (f  Xti®)  (r  - -  (it  -  0 

^o  u  U1  L  Mn  um  J 


+  W  (2- 


2(!t1  "  D(^  -  1) 


(15) 
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To  the  right  of  the  potential  minimum: 


A  A  u 
V  =  Yl(  J) 


1/2  1/2 


(2  -  £-)  -  2(^-  -  i)  -  i) 


p.  '  'p. 

*m  *in 


P-, 


m 


-  ^  Vl 


(^-  -  1)V‘(2  -  -  D1/2(2  -  (16) 

Tn  In  1  m  j 


1/2,  M-j. 


i  -  -j 

o  ^1  l“ 


l/£ 


(S--1)'  +  (!r  -  1) 


1/2' 


m 


m 


a  P- 

+  h(if) 


1/2  „  1/21 


LL  .  _  p.„ 

(2  -  -  2 Or  -  i)  (it1  -  i) 

•m 


m 


■P-. 


m 


(17) 


A  A 
where:  V  =  ^ 


3/2 


and  Z_  = 


m 


0)€ 


Vi 


Equations  ( 14)  through  (IT)  define  a  general  matrix  relating 
the  ac  current  modulation  and  ac  velocity  modulation  at  any 
plane  in  the  lens  cell  where  the  dc  velocity  is  p.  to  the  cor¬ 
responding  quantities  at  the  entrance  plane  where  the  known  dc 
velocity  is  p.^.  The  dc  velocity  p.  is  a  known  function  of  z 

through  the  Pay,  Samuel,  Shockley  solutions  to  Poisson's 

( o) 

equation.'1  ' 
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What  is  of  primary  interest  is  not  the  ac  velocity  and 
current  within  the  lens  cell  but  the  value  of  these  quantities 
at  the  exit  plane.  The  dc  velocity  at  the  exit  plane  will  be 
equal  to  the  dc  beam  velocity  at  the  entrance  plane.  By  set¬ 
ting  |i  =  in  (16)  and  (17)>  the  following  matrix  relation 
between  the  ac  quantities  ac  the  exit  plane  and  the  entrance 
plane  is  obtained: 


A 

V. 


-  3) 

^1 


o  ^1  ^m 
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